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Casimir force between two substrates within three different layers using the scattering
approach
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We compute the Casimir force for a system composed of two layers as substrates within three
different homogenous layers. We use the scattering approach along with the Matsubara formalism
in order to calculate the Casimir force at finite temperature. We impose the appropriate boundary
condition on the tangential components of the electric and magnetic fields to construct the reflection
matrices. Our calculation is simple such that one can extend it to systems containing inhomogeneous
layers as good candidates for designing nanomachines. We find that the Casimir force is proportional
to L−5 where L is the thickness of the inner layer.
PACS numbers: 03.65.Nk, 42.50.Lc
I. INTRODUCTION
The Casimir effect [1] resulting from modifying of the
vacuum fluctuations due to the insertion of the bound-
aries has entered a new era of novel accurate measure-
ments. According to the rapid progress of the nanotech-
nology and the introduction of the Casimir force offering
new possibility for designing nanomechanical systems [2–
5], it will be useful to utilize multilayers in the inves-
tigating systems to evaluate Casimir energy. Having a
repeating arrangement of thin layers of two different ma-
terials, this class of materials plays an important role in
different branches of science and technology. Studying
the properties of multilayers continues to grow exponen-
tially due to their application at the biological interfaces
for controlling drug molecules’ release and permission as
an instance [6]. The non-pairwise addition effect in the
van der Waals-Lifshitz interaction has been investigated
in a multilayer system in [7, 8]. They have explored the
effect of the presence of other layers in the multilamellar
geometries applying an algebra of 2 × 2 matrices result-
ing in the interesting consequence of the nonadditivity
of the Casimir effect. Considering two periodic dielectric
gratings, Lambrecht and Marachevsky have presented an
exact calculation to obtain the Casimir energy [9]. It is
worth mentioning that comparing their theoretical cal-
culation and the measurement performed by Chan et
al. [10] for grating-sphere geometry manifests a mean-
ingful agreement. Evaluating a modal approach in [11]
-based on the scattering approach [12–16]- the researchers
have investigated the finite temperature Casimir interac-
tion force between two periodic nanostructures and they
have also illustrated the flexibility of this formalism. The
Casimir energy between a plate and a nanostructured
surface at arbitrary temperature has been calculated in
the framework of the scattering theory in [17] and as a
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significant consequence of this investigation it is illus-
trated that for grating geometries the contribution of
the thermal part of the Casimir energy is intensified at
small separation distances. Modeling grating as a di-
electric function depending on the space and frequency
as well as using variable phase method, Graham in [18]
has presented an appropriate approach to investigate the
Casimir effect for gratings with deep corrugations.
In this work considering two half-space mediums as
substrates and a symmetric array composed of three ho-
mogenous layers of alternating materials in between (see
Fig.1), we present reflected and transmitted amplitudes
with the efficient approach of [19]. With respect to the
properties of a dielectric, we regard the permittivity of
the materials to depend on the frequency in order to as-
sume a real-world system. There are different approaches
to obtain the Casimir energy, but not all efficient in cal-
culating that for multilayers, gratings and other simi-
lar cases. The divergency occurring in calculating the
Casimir energy dose not appear in the scattering for-
malism and besides with the advent of this approach,
efficient evaluation of the Casimir energy for a wide vari-
ety of geometries, materials, and external conditions has
been made possible [20]. According to these features, we
initiate from a scattering approach with functional de-
terminant representation at finite temperature to deter-
mine the Casimir energy for the configuration of Fig.1.
In a qualitative sense, we obtain the value of the free
energy that agrees with the amount evaluated by Pod-
gornik and his colleagues in [8] using a different approach.
The ability of the scattering approach which allows one
to consider non-trivial geometries at finite temperature
together with a realistic description of the material prop-
erties, permits us to calculate the Casimir energy for a
configuration with a periodic structure in its layers (i.e.
inhomogeneous configuration). This approach makes it
possible to investigate such a configuration in future with
the purpose of utilizing that in designing nanomachines.
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FIG. 1: A system composed of two half spaces of a mate-
rial characterized with the permittivity εR(ω) as substrates
within three alternating homogenous layers described by per-
mittivities εB(ω) and εP (ω).
II. CONSTRUCTING REFLECTION MATRICES
Let us consider two half-space mediums with a sym-
metric array composed of three layers of alternating ma-
terials in between, as depicted in Fig.1. B, i.e. the inner
homogeneous region, is 0 < z < L with the permittiv-
ity εB(ω). Over this, there exists another homogeneous
region, L < z < L + a, labeled P with the permittivity
εP (ω) and above that we have an R-labeled homogeneous
region characterized by the permittivity εR(ω). Below re-
gion B, symmetric to the upper half of this system, in
the region −a < z < 0 there is another medium P de-
scribed with the permittivity εP (ω) and under that we
have another R-region characterized by εR(ω).
We consider a plane wave propagating along the z-
axis reflected and transmitted through the nearby layers.
Considering that this configuration is t, x and y invariant,
we can extract a factor ei(kxx+kyy−ωt) from all of the
components of the electromagnetic fields. In the absence
of the upper half of Fig.1, we introduce the y-components
of the electric and magnetic fields in the medium B as:{
EBy = I
e
Be
−iγBz +ReBe
iγBz
HBy = I
h
Be
−iγBz +RhBe
iγBz (1)
where I
e/h
B and R
e/h
B are the incident and reflection co-
efficients of the electric (magnetic) waves. γB indicates
the z component of the wave vector in the medium B,
which can be introduced for the medium j = B, P or R
as
γj = i
(
− εj(ω)
ω2
c2
+ k2x + k
2
y
)1/2
(2)
In this relation ω is the frequency, c denotes the speed
of light and kx and ky are the longitudinal components
of the wave vectors. Regarding the Drude model, we
assume the relative permittivity of the region εj(ω) as
function of frequency including dissipation.
Now we determine the reflection coefficients of Eq. (1).
In this regard we introduce the y-component of the fields
in the P layer as{
EPy = T
e
P e
−iγP z +ReP e
iγP z
HPy = T
h
P e
−iγP z +RhP e
iγP z (3)
including a reflection and also a transmission contribu-
tion for both of the fields. Considering that region R is
extremely large in comparison with other regions of the
system, we can write the y-components of the electric
and magnetic fields in this region as the following simple
form {
ERy = T
e
Re
−iγR(z+a)
HRy = T
h
Re
−iγR(z+a)
(4)
where T eR and T
h
R are the transmitted electric and mag-
netic coefficients through the medium R, respectively.
Due to the thickness of the P layer and for the sake of
convenience of imposing the boundary condition, a trans-
lation of magnitude a becomes obvious in this relation.
We treat the y-components of the electromagnetic fields
of different mediums in detail. Now with the aid of the
Maxwell’s curl equations, the x-components of the fields
in the medium j are given by{
Ejx =
iky
εj(ω)ω2/c2−k2y
∂xE
j
y −
iωµ0
εj(ω)ω2/c2−k2y
∂zH
j
y
Hjx =
iky
εj(ω)ω2/c2−k2y
∂xH
j
y +
iωεj(w)ε0
εj(ω)ω2/c2−k2y
∂zE
j
y
(5)
where ε0 and µ0 are the physical constants correspond-
ing to the vacuum permeability and permittivity and ~H
denotes the magnetic field strength.
Now we want to obtain the reflection coefficients of
medium B, while we have to consider the upper half of
Fig.1 as well as the lower half. In this regard, we made
the following simple change in the variables of Eqs. (1),
(3) and (4) analogous to an L translation along the posi-
tive direction of the z-axis and an incident onto the upper
surface
z → L− z (6)
and therefore, at the interface of medium B and its upper
P medium, the y-components of the electric and mag-
netic fields can be written as
{
EBy = I
e
Be
−iγB(L−z) +ReBe
iγB(L−z)
HBy = I
h
Be
−iγB(L−z) +RhBe
iγB(L−z)
(7)
Here IeB and I
h
B are the incident coefficients of the electric
and magnetic fields in the medium B, respectively. ReB
and RhB that are the reflection coefficients of the electric
and magnetic fields play an important role in construct-
ing the reflection matrix of the upper half of Fig.1. For
medium P , one can write the y-components of the electric
and magnetic fields analogous to Eq. (3) as the following{
EPy = T
e
P e
−iγP (L−z) + ReP e
iγP (L−z)
HPy = T
h
P e
−iγP (L−z) +RhP e
iγP (L−z)
(8)
where T
e/h
P denotes transition frommedium P to medium
R in the upper half of Fig.1 and R
e/h
P describes the re-
flection from the interface of regions P and R. Finally
3for the y-components of the electric and magnetic fields
of medium R we have{
ERy = T
e
Re
−iγR(L+a−z)
HRy = T
h
Re
−iγR(L+a−z)
(9)
where T eR and T
h
R are the transition coefficients of
medium R. The x-components of these fields are given
by Eq. (5).
Imposing the continuity boundary condition on the in-
troduced longitudinal components of both electric and
magnetic fields on the interface of the layers at z = 0, we
have


−kxky
εB(ω)ω2/c2−k2y
(IeB +R
e
B)−
ωµ0γB
εB(ω)ω2/c2−k2y
(IhB −R
h
B) =
−kxky
εP (ω)ω2/c2−k2y
(T eP +R
e
P )−
ωµ0γP
εP (ω)ω2/c2−k2y
(T hP −R
h
P )
IeB +R
e
B = T
e
P +R
e
P
−kxky
εB(ω)ω2/c2−k2y
(IhB +R
h
B) +
ωεBε0γB
εB(ω)ω2/c2−k2y
(IeB −R
e
B) =
−kxky
εP (ω)ω2/c2−k2y
(T hP +R
h
P ) +
ωεP ε0γP
εP (ω)ω2/c2−k2y
(T eP −R
e
P )
IhB +R
h
B = T
h
P +R
h
P
(10)
We exert the mentioned boundary condition on the sur- face z = −a to obtain the following set of equations


−kxky
εP (ω)ω2/c2−k2y
(T eP e
iγP a +ReP e
−iγP a)− ωµ0γPεp(ω)ω2/c2−k2y
(T hP e
iγP a −RhP e
−iγP a) =
−kxky
εR(ω)ω2/c2−k2y
T eR −
ωµ0γR
εR(ω)ω2/c2−k2y
T hR
T eP e
iγP a +ReP e
−iγPa = T eR
−kxky
εP (ω)ω2/c2−k2y
(T hP e
iγP a +RhP e
−iγP a) + ωεP ε0γPεP (ω)ω2/c2−k2y
(T eP e
iγP a −ReP e
iγP a) =
−kxky
εR(ω)ω2/c2−k2y
T hR +
ωεRε0γR
εR(ω)ω2/c2−k2y
T eR
T hP e
iγP a +RhP e
−iγP a = T hR
(11)
Considering that the incident coefficients of the electric
and magnetic fields are indeed inputs of our problem, we
first assume IeB = 1 and I
h
B = 0 to solve this system of
equations with the purpose of obtaining desired variables
ReB and R
h
B as the elements of the first column of the
reflection matrix of the inner medium analogous to the
lower half of Fig.1, i.e. Rl(ω). Then assuming I
e
B = 0
and IhB = 1, one is able to obtain the other column of this
reflection matrix. We construct the reflection matrix of
region B for the electromagnetic wave reflected from the
lower nearby layers with the following recipe
Rl(ω) =
(
ReB(I
e
B = 1) R
e
B(I
h
B = 1)
RhB(I
e
B = 1) R
h
B(I
h
B = 1)
)
(12)
where, as an instance, ReB(I
e
B = 1) refers to assuming
IeB = 1 along with I
h
B = 0 in Eqs. (10) and (11) to obtain
ReB in these system of equations. To construct Ru(ω)
that is the reflection matrix due to the upper half of
our system, we have performed the same procedure for
the tangential components of the electromagnetic fields
corresponding to the upper half of the system introduced
in Eqs. (7), (8) and (9).
III. CALCULATING CASIMIR FORCE IN
REGION B
In this section we will use the scattering approach to
obtain the Casimir force for the system composed of two
substrates within three homogeneous alternating materi-
als (see Fig.1). For this purpose we construct a matrix
M depicting a full-round trip through medium B as
M(ω) = Ru(ω)e
iγBLRl(ω)e
iγBL (13)
where L denotes the thickness of medium B, eiγBL refers
to the free photon propagation in this medium and Ru(ω)
and Rl(ω) are the upper and lower reflection matrices
that we have presented in the previous section. Assuming
ω = iζn with ζn =
2pinkBT
~
, we utilize the Matsubara
frequency to obtain the finite temperature Casimir force
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FIG. 2: Plot of the Casimir interaction force as a function of
the dimensionless parameter l = L/a in units of F0 = 10
−11N
for the configuration of Fig.1 at room temperature. Here we
have considered water and lipid for the alternating layers with
a = 4 nm as the thickness of medium B. As it is expected
for large values of the dimensionless parameter l, this Casimir
force converges rapidly due to the feature of the Casimir effect.
per unit area from the following equation
F(L) = 2πkBT
∞∑
n=0
′
∫ +∞
−∞
∫
∞
−∞
tr[(1−Mn)
−1∂LMn]dkxdky
(14)
where kB is the Boltzmann constant, T denotes the tem-
perature and n is an integer (see [9, 17] and references
there in). To proceed, we assume materials of regions
B, P and R to be water, lipid and water in order to fol-
low the configuration presented in [8] closely. Performing
the calculations for this special case as it is illustrated in
Fig.2, we obtain the Casimir force in the SI system of
units as
F (l) = −6.176× 10−9/ l5 (15)
in which l is a dimensionless parameter introduced as
l = L/a and a is the thickness of medium P . Conse-
quently the Casimir energy of this configuration is pro-
portional to L−4 which is the same as the energy depen-
dence obtained in [8] for the investigated configuration.
We should emphasize that in the asymptotic limit L≫ a,
assuming a = 4 nm and L = 100 nm a free energy equal
to 1.5×10−23j has been obtained in [8] which is in a good
agreement with the value of the Casimir energy that we
have computed for the parameter l = L/a = 100/4.
IV. CONCLUSION
In this paper applying the scattering approach along
with the Matsubara formalism, we have presented a cal-
culation of the finite temperature Casimir force for a sys-
tem composed of two half space materials with a three-
layer array of alternating materials between them. We
have considered Drude model for dielectric functions in
order to take the materials’e dissipation and frequency
dependence into account. Introducing longitudinal com-
ponents of the electromagnetic fields in different regions
of Fig.1, we have imposed the continuity boundary con-
dition on these fields to construct the reflection matrices.
We have considered mediums of water and lipid to fol-
low the configuration presented in [8], closely. Assuming
l = L/a = 100/4 with L and a as the thickness of medi-
ums B and P , we have computed a Casimir energy equal
to 1.5 × 10−23 j at room temperature. This result fits
with the value of the energy corresponding to a = 4 nm
and L = 100 nm in the L ≫ a limit of [8]. This agree-
ment illustrates the validity of our simple and transpar-
ent procedure which is fortunately able to evaluate the
Casimir energy for structures with inhomogeneous layers
which are recognized as good candidates for engineering
Casimir effect with the purpose of designing miniaturized
systems.
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